727 A Update Rules for Second-Order Optimizer

748 This section presents the update rules for the optimizers considered in our work, for the sake of
749 completeness and reproducibility. Let W, € R™*™ denote the weight matrix of a layer at time ¢,
750 and let G; € R™*" denote its gradient. We use wy; € R™" and g, € R™" to represent the flattened
751 versions of the weights and gradients, respectively. The hyperparameters include the learning rate
752 (1), momentum coefficients (/3), damping factors (¢), and inverse exponents (e). Elementwise
753 multiplication is denoted by ®, and vector division is applied elementwise.

754 Adam [10] adjusts the magnitude of the first momentum by the second momentum. The update rule
755 1S:

gt < vwﬁ(wt—l) (15)
mye < Prme—1 + (1 — B1)ge (16)
vy = Bavi—1 + (1 — B2) gt © g an
Ty 17%6{ (18)
. v

UVt < ﬁ (19)

Wi 4— We—1 — N (20)

t
Vi + e
756 Shampoo [15] preconditions the gradient with a Kronecker-factored preconditioner. The update rule
757 1St

M+ piMi—1 + (1 - 51)Gy 2n
Ly BoLi—1 + (1 — 2)G:GY (22)
Ry + BaRy—1 + (1 — B2)GT Gy (23)
. L,

L+ ————~ (24)

(-8

N Rt

Ry + ———— (25)

-5
Wis1 < Wy —n(Ly + eI) "L My(Ry + el) ™8 (26)
27

758 SOAP [32] runs Adam in a rotated space. The update rule is:
My + 1M1+ (1 - 51)Gy (28)
Lt + BoLi—1 + (1 = B2)GiGY (29)
R+ pBoRi—1 + (1 — 62)G?Gt (30)
Q1 + Eigenvector(L;) (31)
Qr < Eigenvector(R;) (32)
G, + Q1GQr (33)
Vi BoVii + (1 — ﬁz)G’ oyes (34
Wip1 « W, Q~ 35
t+1 t — 77QL \ﬁ + (35)
(36)
759 Muon [19] utilizes Newton-Schulz to compute the matrix sign [[/] of the gradient. The update rule is:
M,  BiM_1 + (1 — 51)Gy 37
M,

Wiiq1 < W; — nNewton-Schulz | ——— 38
SO T o
(39)
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Grafting [2| 31] is a technique that adjusts the direction of a primary optimizer’s update to match the
step size of a reference optimizer with more stable magnitude. Let AW, denote the update from the
primary optimizer, and AW, the update from the reference (grafted) optimizer. The grafted update is
given by:

AW |2

W, Wy —nm———"
t+1 — t n”AWg”Q‘i’E

AW, (40)

Blocking [31,132]] is a technique that partitions the weight matrix into sub-blocks, and updates are
computed independently for each block.

B Derivations of Maximum Update Parameterization

B.1 First-Order Optimizers

As a warmup, we start with rederiving puPfor SGD and Adam under our notation.
SGD. We plug in () = id for SGD:

din ’ din
16 1) = = 15 ela') = © (). @)

e(1)

Therefore we need n = @(dj‘“) recovering results in Yang and Hu [33], Yang et al. [37]. Note
that the use of bra-ket notation reduces the problem of finding the right learning rate into one
straightforward algebraic manipulation.

SignSGD and Adam. For SignSGD, we have

G) = (\/G®2 + e)fl oYe (42)
— ( 502 @ 702 4 6) ! ® 5z (43)
1 ®2 ®2 B din
= 510)7" @ |x)"" +e€ © |o)x| (44)
dout dout
—1
_ d( 5°% @ 2)°% + ) o lo)al. (45)

where we reparameterized € = €’ /dys. For € to be effective without trivializing the preconditioner,

we need ¢ = O(1). Yang and Littwin [34] showed that applying a ©(1) elementwise scaling
-1

10)? @ |2)? + e'> to |6)(z| does not change the scale of its output when applied to |z’>

so that O(Q(G) |z')) = O(diy |6)x| |2')) = ©(din) and we should set n = O(1/d;y).

The above analysis can be extended straightforwardly to Adam with the same conclusion =
©(1/d;y) since the accumulation of the gradient over the iterates does not introduce extra scaling
with width.

B.2 Second-Order Optimizers

With our setup so far, generalizing the derivation to second-order optimizers is straightforward, as one
only needs to additional keep track of width scaling in the preconditioner. We will omit accumulation
in the preconditioner and the momentum of the gradient, which does not affect the scaling with width
[34].

3The output can be computed via an order-1 OuterNonlin instruction in Yang and Littwin [34], which has
an ©(1) limit.
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K-FAC. In K-FAC, we have
Q(G) = (56T + eB)_eBéxT(ach +eyq)

N (dolut |6><6‘ T GB) _ |(5><$L’| (din |$><$| + €A)7€A )

dinl_eA —e —e
=~ 1=y (001 + €)™ [0)a] (o)l + €)™,
out
where eg = €5 /doyy and €4 = dine’y. As d — oo, To ensure €4 and e have a consistent effect
across widths and that each preconditioner does not trivialize to a scalar multiplication, we require
€z ~ €y ~ 1. Using the identity

T T
T —e _ _—e _ & T —e&
(v’ +al)®=a (I vﬁ;) + (v v+a) o (47)
we can express the matrix inverses using only outer products and inner products as:
dinlfeA
U= g
r—ep (7 10X /e [O)S]
- {63 ( alay ) TP ) 48)
x [0)x]
r—ea ([ l2X2] s y—ea 2|
<[ (1= G ) + e + 07 B

This form makes it clear that 1) K-FAC can be expressed using existing instructions in the Tensor
Program, a key result for establishirﬁ the existence of an infinite-width limit missing from prior

work by Ishikawa and Karakida [18]]"} and 2) that Q(G) |z') = @( U ) |0) so that we need

dout' ~°B

l—e . . . . .
n=0 (Cf;_“tl,e BA ) . When the batch size is greater than 1, expressing the matrix inverse as outer and

inner products is more involved but does not change our conclusion, which we explain in the next
section.

Shampoo and Muon. The analysis for K-FAC can be straightforwardly adapted to Shampoo and
Muon. Omitting accumulation and momentum, we have

QShampoo(G) = (51’T:C($T + GB)feLéxT(xdTéxT + GA)ieR

= (B (el ool + )

out
din din / Ten

x i gy (d <<6|6>|z><x|+e,4>) (49)
out out

dout
x |6)a] ((616) )] + €/4) ™"

. 12 _ dou . . . . .
with €4 p = “7*€4, p. Expressing the matrix inverses as inner and outer products:

in

din 17€L7€R
QShampoo(G) = <>

- <din)1mR<<x|x> 6X8] -+ ¢ly) "

dout
[B( A1) + el 618+ ) M} 0
« |8}z

ey Ml ) enll
x[eA (1 <I|DP€>)+<<|><<5(S>+A> W)].

“The push-through identity used in Ishikawa and Karakida [18] does not apply when considering the
accumulation in the preconditioner.
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Therefore Shampoo and Muon can also be expressed using existing Tensor Program instructions.
l—er—epr

Furthermore, we can see that Qsnampoo(G) |2) = 6(%) |0), implying that we need
d l—ep—epr .
n=06 (ﬁ) for proper scaling.

SOAP. SOAP runs the Adam optimizer in the eigenbasis of Shampoo’s preconditioner. Ignoring
momentum, we have

G'=U"GV (51)
QG)=U {(\/G@? + e)_l ® G’] VT (52)

where U and V are the eigenbases of the left (L) and right (R) preconditioners from Shampoo. For
the single-batch case, these matrices are

din
L=6x"26" +ep=
out

((z]x) [6)X0] + €) (53)

dln
R=x6"6x" +e4 = pi

out

(016) [ )| + €a) (54)

with €y 5 = %EA’B.

The matrix L has eigenvalue % (x|z) (8]6) + ep with eigenvector in the direction of |d), and
eigenvalue ep with multiplicity dq,¢ — 1 for the orthogonal subspace. Similarly, R has eigenvalue
dout (6|9) (z|x) 4+ €4 with eigenvector in the direction of |z), and eigenvalue € 4 with multiplicity
din — 1 for the orthogonal subspace.

Hence, U is a matrix with the first column %@5) and the remaining columns forming an
out
orthonormal basis for the space orthogonal to |§). Similarly, V" is a matrix with first column L) —

v/ din (x|x)

and remaining columns forming an orthonormal basis for the space orthogonal to |z).

Transforming the gradient to the eigenbasis:

G =U'GVv 53
— UT ( lIl > (56)

|5> ( din ) ) v vT
_ sal) T 57
Tont 010 N o ) a1 o7

Vdous (4] ( din ) ) u,vT

Vo (9] svel) T 58
<5|5> out | ><x| din <‘T|‘T> aa ( )
_ [ 00} elo) 7 (59)

dout

where ¢! and e}’ are the first standard basis vectors in the dimensions of U and V, respectively.
For € to be effective without trivializing the preconditioner, we need it to be on the same scale as G’,
soe=0 ( %) = \/%e' where ¢/ = ©(1). The Adam-like operation in the eigenbasis then
gives:

(\/Gf@z n e) 06 = 1 VeV’ (60)
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Transforming back to the original basis:

QSOAP(G) = U|:(V G/®2+€)71 @G/:| VT (61)
1 |6) din (]

= 62

1+¢€ \/dout (6]0) \/din (z|x) (62)

_ 1 din |6)(a] .

L+ € \/dindow (6]0) (zfx)

To determine the proper learning rate, we apply the condition nQsoap(G) |2") = ©(1):

1 din |6) (z|2")
A R Vo T 9 o
1 din |6) <x|m ) (65)

- 1 + € \/dindout <5|5> <$|$>

Since (z|z’) = ©(1), (§|6) = O(1), and (z|x) = O(1), we have:

Qsow(G) 1) = 0 (2 ) 1) - ((ﬁ)& (66)

Therefore, the scaling is nQsoap(G) |2) = © (m/ j::t)’ implying we need n = © (\/ dj}?) for
SOAP.

Blocking. Blocking is a technique to reduce the preconditioner cost in second-order optimizers like
Shampoo by subdividing each weight matrix into by, X by, blocks and preconditioning each block
separately. We derive pP for Shampoo with Blocking but generalizing to other optimizers can be
done with a similar analysis. We simply perform the same analysis for Shampoo inside each block
and appropriately aggregate their contribution to the feature update. Let G;; = 6; x]T € Rbout Xbin

index the ij-th block of the gradient, where §; € Rt and T € RP» are the 4 and j-th chunk of

the vector ¢ and . Similarly, let a:; € R%= be the j-th chunk of the input vector 2’. Defining the
sub-kets and sub-bras

=2y, i =lay), x) = bz, (67)
1 bout
51' = (51 5T = ou 57' .
Tl 6= (68)
The i-th chunk of the update Ah; is
m/bm
Ah; =17 Z Giy) o) (69)

where

Q(Gl) = (511’T1']5T —+ 63)78L5i$;(1’j5;r61‘13;r + EA)ieR

= (Bt (o i+ )

bin bln bou o
< g 16| (220010 |+ ) 70

dout out

_(6L+€R)
bin binb .
N (d t) ( d i;t> ((xj]a;) |0 )0 4+ €) "

x 10X | ((6:103) | K] + €)™,
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with e4 g = 1’21“1’705%;1 - Therefore,

ut

binbout —(er+ten) bin din /bin
an=a(f22) () X ewm o

dout out ot

binbout ~(ez+er) bin din
) dow )\, ) 1 72
7]( dOut2 ) dout bin ‘ Z> ( )

—(eL+er)
din binbout
=0 JinZout , 73
<I(d0U-t>< dout2 > > ( )

where we used the fact that each term in the sum is i.i.d. with a (generally) non-zero mean. Therefore

—(er+er) .
) ) Alternatively, let ni, = diy /bin

2

the learning rate should scale as n = © ((‘{j‘:) (zflfb%

17(6L+8R)
din )

and Nyt = dout/bout, we have n = @((d“‘" (ninnout)_(eL+eR)>. When b, = d;, and

17@L75R
bout = dout, We recover the regular Shampoo scaling n = © (%) . Wheney +eg = %

and by, = boyt = 1, degenerating to Adam, we get the correct scaling n = © (ﬁ)

Normalization by Frobenius Norm. Consider normalizing the preconditioned gradient by its
Frobenius Norm:

@)
e N[ a9
B 0:(G)
T GO @) e 7>

Let Q1 (G) = qG1 where ¢ is a scalar that absorbs all width-dependent scaling and G1 contains only
bras and kets. Then Q;(G)T = ¢GT = ¢%=Gl, where X is X but with all vectors and their
transposes replaced with kets and bras. Therefore, we get

711Gy
wd (G16n) + e
— Gl
- d 1/2 AF A 1/2 . ’
(ﬁ) (Tr(GlGl) + o lds (dout/din)l/2>

We should choose € ~ g1 1/dout/din, and 7 ~ /dout/din-

Grafting. Grafting combines the direction of the update from one optimizer with preconditioner (4
with the magnitude of the update from another with preconditioner ()2, with the final update given
by:

Q(G) = (76)

(77)

Q1(G)
@@ 78
Q) =Nl ria N, +e -
A 1/2 g
:qur(GgGQ) e 1/2G1 )
T(G1Gh) "+ st

For proper scaling, we need € ~ g1 1/dout/din and n ~ 1/go, i.e. the learning rate should scale as if
we are training directly with Q5.

Depth-scaling. As explained in the main text, we scale down the output of each residual block
by 1/L while ensuring ©(1) feature learning inside each block following [6} 9] which showed this
criterion led to well-defined depth-scaling limits for residual networks like the transformer. The only
change to the previous width-scaling derivation is that gradients in the residual blocks now scale as
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T d rather than d . Therefore, we need to update the definition of |§) and (6| to 6 =

1
T 19)
and 6 T = L L (5]. Repeating the above derivations while accounting for these additional L-dependent
factors straightforwardly leads to the width-depth joint scaling rules in Table [[. We include the
derivation for Shampoo here as a concrete example:

Qshampoo(G) = (62726 " + e5) 0z T (20 da " +€4) 7"

Do (fala) W3]+ ¢))
- (e, )

din din S\ e
g 1 (e (0010} el + ) )

B din l—ep—epr 1 1— 2(€L+6R)
B dout L

x ({wla) 0)0] + €)™ )| ({810) [a)ar| + €)™

©(1) as before

(80)

1
with €/, , = L d°“¢ € Therefore we need n ~ L1—2(eLter) ( dout e and € ~ —din
AB = A,B- n din LZ2dous

C Extension to Larger Batch Size

Throughout the main text we analysed single-sample updates (B = 1). All scaling results survive
unchanged for any constant mini-batch size B = O(1) because every object that appears in the
update rules becomes only a finite sum of the same single-sample terms.

SGD. With batch size B the raw update is

B
n ®) .07
72 {0

b=1 G

where each G() has entries ©(1/dyut) (see ~) Averaging over the finite set {1, ..., B} do not
alter the scaling of the update with width, so the condition AW 2’ = ©(1) is met with the same
learning-rate scaling 1 = ©(doyt/din) derived for B = 1.

Adam. Adam first rescales the averaged gradient by the element-wise second moment v:

AW = ( ZG“”) (Vv +e),

with v = Bavgig + (1 — B2) 5 >, (G 2. Again since B = O(1), compared to the B = 1 update,
both the numerator and denominator changes by only a ©(1) factor, giving the same width-scaling
0= O(1/dun).

Shampoo and related preconditioners. A common operation in second-order optimizers have the
form Q(G) = L% G R™°R, where the L and R are left/right Gram matrices of the mini-batch
gradient (damped by €y, eg as in Appendix E). Because B is O(1), each matrix is a sum of finitely
many rank-1 outer products of |d) or |z); hence every eigenvalue of L and R scales identically to
the B = 1 case, and so are the eigenvalues of L~°% and R~ °%. Consequently the learning-rate and
damping rules in Table|l|require no modification.

In short, as long as the mini-batch size stays fixed with respect to width, every factor introduced by
batching is ©(1); therefore the scaling derived for B = 1 extends unchanged to all B = O(1).
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D The SDE Analysis for Batch Size Scaling

D.1 SDE limits of SGD and Adam
We first briefly review the SDE limit of SGD and Adam studied in [24]:

1
dW = —npP~1 (VL(w)dt + \/Ezl/?dwt) (81)

where B is the batch size, ¢ denotes the optimization step, P is the preconditioner, and W, is the
Wiener process. When fixing a total training budget, we are more interested in the SDE where time
is measured in number of examples / tokens N, obtained by the change of variable t = N/B, dt =

dN/B,dW; = dWx /vVB:
aW = —L P (VL(w)aN + 52y ). (82)

It is clear that this SDE, which describes SGD without momentum in the continuous limit, is invariant
as we scale B so long as 7 scales as ©(B). Under the assumption that momentum J; are close to 1,
Malladi et al. [24]] showed that scaling 1 as ©(B) while keeping the EMA timescale in momentum
71 = B/(1 — (1) constant preserves the modified SDE that accounts for momentum. Extending
this result, Malladi et al. [24]] showed that the analogous scaling for Adam requires the additional
step of accounting for how the precondition itself scales with B provided the mini-batch gradient
variance dominates its mean. Assuming fs is close to 1, P approximates the scaled diagonal of the
empirical Fisher matrix P ~ B~/2diag (]E[gg—r}) with expectation taken over the dataset where g is

the flattened per-example gradient. Thus for Adam, we should only scale 7 as ©(B'/?) to preserve
the SDE.

D.2 Extension to Second-Order Optimizers

Generalizing this argument, when applying a generic preconditioner (), we must account for how @
scales with B to determine the scaling of the learning rate that preserves the SDE. The batch gradient
of the weights in a given layer can be decomposed as:

Gp =G+ 0Gp, (83)

where G = E[G(x)] and 6G g = ©(1/v/B) due to the Central Limit Theorem. Following Malladi
et al. [24], Choi et al. [8]], we assume the noise term dominates the mean, from which we conclude:

G = E[G(x)] = E[Gp(a)] = ©(1), E[GpGl=O(1/B), E[GhGsl=0(1/B) (84)

Since the preconditioner is often a function of these quantities, we can infer the scale of the precondi-
tioner. We will write @ = O(B?) if the preconditioned (batch) gradient Q(G ) is a factor of ©(B7)
larger than G'p itself. In that case, the learning rate should scale as ©(B'~9) to preserve the SDE. It
remains to work out the exponent ¢ for each optimizer. We replace EMA with dataset expectation in
the following derivations mirroring the SGD and Adam analysis.

D.3 Scaling Rules for Different Optimizers

Shampoo. We have
Q(G) = (E[GpGpl+er) G(E[GLGE] +er) . (85)
The preconditioner scales as ©(B°:T°7) and we need = (B~ (¢ct¢r)) and e1, er = O(1/B).
Muon. We have
Q(G) = (E[GEIE[GB]" + 1) V*G(E[GB]"E[GE] + er) /4, (86)
The preconditioner scales as ©(1) and we need n = O(B) and ey, e = O(1).
K-FAC. The K-FAC preconditioner is:

B —¢B B —ea
1 - 1 .
Q(G) = (B;mi —|—eB> G(B;xixi +6A> (87)

Assuming noise dominates, the damping parameters should scale as €4,cp = O(1/v/B) while
Q = O(Bleaten)/2).
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Table 2: SDE-based scaling rule for learning rate, damging, and momentum parameters scaling as a
function of batch size for different optimizers. 7 = =] is the half life of the exponential moving

average in momentum.

o e
Optimizer n € T
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Figure 5: Batch size scaling. SDE scaling rules which hold 7 rather than 3 constant led to stable
optimal learning rate (bottom left) if /3 is sufficiently large for all batch sizes. Vertical lines showing
values where 7/ B = 5 mark the breakdown of the SDE limit for each value of 7 and the transition of
the optimal value of 7 from one to another. (Bottom right) It is the optimal values of 3 that remains
approximately unchanged as we scale B. Fixing the value of 3, we find (top right) that the optimal
learning rate now scales more slowly with batch size, with an exponent of 0.25 appearing to work
well across optimizers.

E Blank

F Experiment Setup

We run our experiments on OpenWebText and the Lichess dataset available on Hugging Face at
https://huggingface.co/datasets/Lichess/standard-chess-games. We used character-
level tokenization to reduce the cost of the embedding layers. Not doing so leads total parameter
count being dominated by embedding parameters at small scales, which has been found to lead to
distorted scaling laws for small models [2820]. We use the GPT-2 architecture and follow common
practices of removing the bias and replacing LayerNorm with RMSNorm. Learning rates are tuned
on a small 3 layer width 128 model and transferred to larger models. Unless stated otherwise, we use
a batch size of 65536 tokens and linearly warmup the learning rate in the first 10M tokens. Except
for compute-optimal scaling experiments, we train all models for 1B tokens with a linearly decayed
learning rate schedule.

We trained all of our models on TPU-V4, supported by the Google TPU Research Cloud program.
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Figure 6: Learning rate transfer in MLP. Our proposal scaling rules lead to significantly more
stable optimal learning rate for width-only scaling (top left), depth-only scaling (top right), and
joint scaling (bottom left) for the residual MLP architecture described by Eq (14). Compared to
the transformer, properly scaling the learning rate is more important for effective scaling of MLPs,
achieving lower loss compared to SP using a constant learning rate (bottom right).

G MLP Experiments

To better demonstrate the impact of proper learning rate scaling, we perform experiments with the
residual MLP architecture described by Eq (14), known to be more sensitive to the learning rate than
the transformer architecture [4]. We use the power-law Fourier features regression task [27]] as it
allows generating unlimited training data to avoid overfitting. All models are trained with 100M
examples with a batch size of 4096. Figure [6] summarizes the results, showing our proposed scaling
rules are crucial for effectively scaling the MLP models, stabilizing the optimal learning rate across
model size and improving final performance as the model increases in size.

H Broader Impact and Limitations

Broader Impact. Our work improves the understanding of how to efficiently scale second-order
optimization in deep learning, which has the potential to reduce the cost of training machine learning
models and make machine learning research and workflow more accessible.

Limitation. We perceive two main limitations of our work. First, due to limited computational
budget, our experiments are relatively small in scale compared to typical training runs in industry
where models often exceed billions of parameters. Verifying how well our results generalizes to
larger models trained with more compute is an exciting future direction. Second, while we have
shown that second-order optimizers like Shampoo and Muon can significantly improve the compute
efficiency of training, we do not investigate why they improve the efficiency. Understanding this
question holds potential for designing even more efficient future optimizers.
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